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1 Introduction

An interesting development in string/M-theory is the possibility of using holographic ideas
to study condensed matter systems. Starting with [1, 2], one focus has been on non-
relativistic systems with Schrédinger symmetry, a non-relativistic version of conformal
symmetry. The corresponding Schrodinger algebra is generated by Galilean transforma-
tions, an anisotropic scaling of space (x) and time (x%) coordinates given by x — pux,
2t — p?zt, and an additional special conformal transformation. More generally, one can
consider systems invariant under what we shall call Schrédinger(z) (or Sch(z)) symmetry,
where one maintains the Galilean transformations, but allows for other scalings, x — ux,
xT — pfzT, with z the “dynamical exponent”, and, in general, sacrifices the special con-
formal transformations. In this notation the Schrodinger algebra is Sch(2). The full set of
commutation relations for Sch (z) are written down in e.g. [2].

Various solutions of type IIB supergravity and D = 11 supergravity have been con-
structed that are invariant under Sch(z) symmetry, for different values of z. The type
IIB solutions of [3]-[8] can be viewed as deformations of the supersymmetric AdSs x SEs
solutions, where SFEj5 is a five-dimensional Sasaki-Einstein space, and should be holograph-
ically dual to non-relativistic systems with two spatial dimensions. Similarly, there are
deformations of the AdSy x SE7 solutions! of D = 11 supergravity, where SE; is a seven-
dimensional Sasaki-Einstein space, that are invariant under Sch(z) and these should be
dual to non-relativistic systems with a single spatial dimension [7, 8].

The type IIB solutions constructed in [3-5] with z = 2, and hence invariant under
the larger Schrodinger algebra, are based on a deformation in the three-form flux and do
not preserve any supersymmetry [4]. In [6] supersymmetric solutions of type IIB with
various values of z were constructed which are based on a metric deformation and include
supersymmetric solutions with z = 2. However, it was argued that these supersymmetric
solutions are unstable. On the other hand it was shown that the instability can be removed
by also switching on the three-form flux deformation, which then breaks supersymmetry.

'Note that deformations of AdSs solutions of D = 11 supergravity were studied in [9].



In a more recent development a rich class of supersymmetric solutions of both type IIB and
D = 11 supergravity were constructed in [8] which have various values of z > 4 and z > 3,
respectively (particular examples of the z = 4 and z = 3 solutions were first constructed
in [4] and [7], respectively).

In this short note, we generalise the constructions in [8] for both type IIB and D = 11
supergravity, finding new classes of supersymmetric solutions with various values of z
including z = 2.

Note Added. In the process of writing this paper up, we became aware of [10], which
also constructs some of the supersymmetric solutions of type IIB supergravity that we
present in section 2.

2 Solutions of type IIB supergravity
Consider the general ansatz for the bosonic fields of type IIB supergravity given by

dsly = ® V2 [2datde™ + h(da)? + 20da™ + dot + dxd] + @V/2ds* (CY3)
Fs = da™ Ade™ Adzy Adzg AdD ™ 4 oy, d®
—dzt A [xcy,dC +d (27'C) Aday A das]
G=drt AW (2.1)

where G is the complex three-form and the axion and dilaton are set to zero. Here @, h
are functions, C' is a one-form and W is a complex two-form all defined on the Calabi-Yau
three-fold, CY3. Our conventions for type IIB supergravity [11, 12] are as in [13]. One
finds that all the equations of motion are satisfied provided that

Viy® =0

dxcy dC =0

AW =dxcy W =0
Veyh = =Wy (2.2)

where |W &y = (1/2)W¥ W, with indices raised with respect to the C'Y" metric. Observe
that when C = h = W = 0 we have the standard D3-brane class of solutions with a
transverse C'Y3 space.

If we choose the two-form W to be primitive and have no (0,2) pieces (i.e. just (2,0)
and/or (1,1) components), on C'Y3 then the solutions generically preserve 2 supersymme-
tries,2 which is enhanced to 4 supersymmetries if the C'Y3 is flat. More specifically, we intro-
duce the orthonormal frame et = @~ 1/4dgt e~ = &~ V/4(dz= +C+ %dw*), e2 = o 1/4qyt

etc. and choose positive orientation to be given by et~23 A Volcy, where Volcy is the

*We note that one can add a closed, primitive (1,2)-form A on CY3 to the three-form G while still
preserving the same amount of supersymmetry. This changes two of the equations to Vi ® = —(1/2)|A|&y
and d*cy dC = i/2(W ANA* —W* A A). Such solutions will not, in general, admit a scaling symmetry, so we
shall not consider them further here, however we note that solutions with W = 0 and Galilean symmetry
were presented in [14].



volume element on CY3. Consider first the special case that C' = h = W = 0. Then,
as usual, a generic C'Y3 breaks 1/4 of the supersymmetry, while the harmonic function ®
leads to a further breaking of 1/2, the Killing spinors satisfying the additional projection
I'+=2¢ = je. Switching on C, h, W we find that generically we need to also impose I'te = 0
and FijWijEC = 0.

We now specialise to the case that the C'Y3 is a metric cone over a five-dimensional
Sasaki-Einstein manifold SEs, ds?(CY3) = dr? 4+ r?ds*(SEs). In order to get solutions
with Sch(z) symmetry we now set

o =t

C =rMg

h = r'2q
W =d (’I“A30'> (2.3)

where ¢ is a function, § and o are, respectively, a real and a complex one-form on SFEj5,
and \; are constants which we will take to be positive. The full solution now reads

2
ds3y = r? {2dx+dac— + r22q (dat)? + 2rM dat B + da? + dx%} + % + ds? (SEs)
Fy = 403 dazt Adx™ Adzy A dxg A dr + 4 Volgg,
—dxT A [rh“ dr N\ xgp.dp + Ayrit2 xsps B+d <r4+>‘15> A dxy N dxo

G =dzt nd (r)‘3a> . (2.4)

Generically, when C,h, W # 0, solutions with \; +2 = 1+ X\9/2 = A3 = z will be
Sch(z) invariant. In particular, the scaling acts on the coordinates via (x*,z7, z;,7) —
(w2zt, u?>=*x~, pz;, p=1r) (for other transformations see [2]). Observe that if we set C' =
h =W = 0 then we have the standard AdS5 x S FEs5 solution of type IIB. Generically, when
C,h,W # 0, we still need to impose the projections mentioned above in order to preserve
supersymmetry. Note in particular that, generically, half of the Poincaré supersymmetries
of the AdS5 x SEj5 solution are preserved, while none of the special conformal supersymme-
tries are. It would be interesting to explore special subclasses of solutions with enhanced
supersymmetry, which occur, for example, when the CYj is flat.
In [6], supersymmetric solutions with W = C' = 0, h # 0 were constructed with

V250 + Aa(4+ Aa)g =0 (2.5)

and give rise to solutions with z = 1 4+ A\y/2 > 3/2, with the bound only achievable for
SE5 = S°. In particular supersymmetric solutions with z = 2 were found, but, because the
solutions have the metric component g positive in some regions of the S FE5, the solutions
were argued to be unstable. In [8], supersymmetric solutions with W = h = 0, C # 0 were
constructed with

NspB =X (M +2)8, d'3=0 (2.6)

where Agp = dd! + did is the Hodge-deRahm operator on SEs5, and give rise to solutions
with z =2+ Ay > 4, with the bound achievable for any SFEs space. More specifically, the



bound is achieved when 3 is a one-form dual to a Killing vector on the SEj5 space; the
class of such z = 4 solutions using the one-form dual to the Reeb vector on the SFE5 space
were first constructed in [4]. It was also shown in [8] that one can combine these classes
of solutions with h, C' # 0 (still with W = 0), and providing that one can solve for ¢, 3 so
that 24+ Ay =14 A\2/2 then the solutions have dynamical exponent z = 2 + A\ > 4.

We now consider W # 0. This implies that h # 0 and we need to set Ay = 2(A\3 — 1).
In addition to (2.6) we also need to solve

Agpo = A3 (A3 +2) 0, dic=0
Vipg +4(0\3 = 1)g = —A3lolép — |dof3p - (2.7)

The solutions for which A3 = 2 + A; are invariant under Sch(z)with z = Az. If C' # 0 then
since A1 > 2, necessarily we have z > 4.

If we set C = 0, which is needed to obtain supersymmetric solutions with z = 2 for
example, then we just need to solve (2.7). The first equation implies that z = A3 > 2, with
the bound being saturated when o is a one-form dual to a Killing vector on the S FEs5 space.
A simple solution is obtained by taking o = cn for some constant ¢, where 7 is the canonical
one-form dual to the Reeb vector on SE5 and ¢ = —|¢|?. This solution has z = A3 = 2 and
was first constructed in [3-5]. Observe that for this solution W = 2c¢Jcy. Thus while W is
(1,1) it is not primitive and so this solution does not preserve any supersymmetry as previ-
ously pointed out in [4]. On the other hand it is straightforward to construct solutions with
z = 2 that are supersymmetric. For example, we can take any Killing vector on the SEj5
space that leaves invariant the Killing spinors on SE5. It is straightforward to construct
such solutions explicitly when the metric for the SFs5 is known explicitly as it is for the
S5 T11 [15], YP4 [16] and L*>¢ [17] spaces. For the case of S° it is also easy to construct
explicit solutions for all values of z using spherical harmonics. It is worth noting that the
z = 2 solutions for the S® case can have ¢ constant and negative and hence do not suffer
from the instability discussed in [6]. This is easy to see since W must be a constant linear
combination of the 15 harmonic two-forms on R, da? Adz7, or, if we demand supersymme-
try, of the eight primitive (1, 1) forms and three (2,0) forms. Then, in general, ¢ will be the
sum of a negative constant with a scalar harmonic on S° with eigenvalue 12. It would be
interesting to investigate the issue of stability further for all of the new solutions we have
constructed. Some additional comments about the solutions are presented in appendix A.

3 Solutions of D = 11 supergravity

We consider the ansatz for the bosonic fields of D = 11 supergravity given by
ds? = ¢~2/3 [2dx+d:f +h (o) +2datC + dﬁ] + 03452 (OY;)
G =dzt Ndz” Ndzy AdR T +dat AV +dat Aday Ad(@710) (3.1)

where ®, h are functions, C is a one-form and V is a three-form all defined on® the Calabi-
Yau four-fold, C'Yy. Our conventions for D = 11 supergravity [18] are as in [19]. One finds

3Tt is straightforward to also consider other eight-dimensional special holonomy manifolds, but for sim-
plicity we shall restrict our attention to C'Ya.



that all the equations of motion are satisfied provided that

Viy® =0

d*cy dC =0

AV =dxcy V =0
Veyh = =[V[gy (3.2)

where |V|2y = (1/3)V¥*V,,;. with indices raised with respect to the CY metric. When C =
h =V =0 we have the standard M2-brane class of solutions with a transverse C'Yy space.

If we choose the three-form V' to only have (2,1) plus (1,2) pieces and be primitive
on the CY} then the solutions generically preserve 2 supersymmetries, which is enhanced
to 4 supersymmetries if the C'Yy is flat. More specifically, we introduce the orthonormal
frame et = @ V0daT,em = ©7V/0(dz™ + C + Ldat),e? = @ Y/0dx!, etc. and choose
positive orientation to be given by eT=2 A Volgy, where Volcy is the volume element on
CY,. Consider first the special case that C' = h = V = 0. Then, as usual, a non-flat
CYy breaks 1/8 of the supersymmetry, and the harmonic function ® can be added “for
free” (the projection on the Killing spinors arising from the C'Y; automatically imply the
projection I't~2¢ = —¢). Switching on C,h,V we find that generically we need to also
impose I'"e = 0 and I’ijkVijke = 0. Note as an aside that we can “skew-whiff” by changing
the sign of the four-form flux and obtain solutions that generically don’t preserve any
supersymmetry (apart from the special case when SE; = S7).

We now specialise to the case that the C'Yy is a metric cone over a seven-dimensional
Sasaki-Einstein manifold SE7, ds?(CYy) = dr? + r?ds*(SE7). In order to get solutions
with Sch(z) symmetry we now set

o =6
C =rMg
h = g
V:d@hﬁ (3.3)

where ¢ is a function, § and 7 are, respectively, a one-form and a two-form on SFEy, and
A; are constants which we will take to be positive. The full solution now reads

2
ds? = rt [Qdafrdx_ + 12q (dm+)2 + 2PN dat B+ dx%] + % + ds* (SEr7)
G = 6r°de™ Ndx™ Adxy Adr+dxt Ad (r>‘37'> +dxt Adry Ad <r6+)‘15> (3.4)

Generically, when C,h,V # 0, solutions with 24+ X;/2 = 1+ X/4 = X3/2 = =z
will be Sch(z) invariant. In particular, the scaling now acts as (x*,z7,21,7) —
(pPzt, > %2~ pxy, p~Y?r). Note that if we set C = h = V = 0 then we have the

1As an aside, we note that we can also add a closed, primitive (2,2)-form F on CY4 to the four-form
flux while still preserving the same amount of supersymmetry. This changes two of the equations to
Viy® = —(1/2)|F|g&y and d *cy dC =V A F.



standard AdSy x SE7 solution. Generically, when C,h,V # 0, we still need to impose the

projections mentioned above in order to preserve supersymmetry. Thus, generically, half of

the Poincaré supersymmetries of the AdSy x SFE7 solution are preserved, while none of the

special conformal supersymmetries are. It would be interesting to explore special subclasses

of solutions with enhanced supersymmetry, which occur, for example, when the CYy is flat.
In [8], supersymmetric solutions with C'=V =0, h # 0 were constructed with

V250 + A2(6+ Ag)g =0 (3.5)

and give rise to solutions with z = 1 4+ A\y/4 > 5/4, with the bound only achievable for
SE; = S7. In particular supersymmetric solutions with z = 2 were found, but they suffer
from a similar instability to that found for the analogous type IIB solutions in [6]. In [8],
supersymmetric solutions with h =V = 0, C # 0 were constructed with

AspfB =X (M +4) B, dig=0 (3.6)

and give rise to solutions with z = 2 4+ A;/2 > 3, with the bound achievable for any SFEx;
space. More specifically, the bound is achieved when ( is a one-form dual to a Killing
vector on the SFE5 space; and one can always choose the one-form dual to the Reeb vector
on the SE7 space. It was also shown in [8] that one can combine these classes of solutions
with C,h # 0, (still with V' = 0), and providing that one can choose 4 + 2A\; = Ay then
they have dynamical exponent again with z =2 4+ A\ /2 > 3.

We now consider V' % 0. This implies & # 0 and we need to set Ay = 2(A3 — 2). In
addition to (2.6) we also need to solve

AgpT = A3 (A3 +2) T, dir=0
Vipg+4(As —2)(A3 + 1)g = =\j|7[3p — ldrlp - (3.7)

The solutions for which A3 = 4 + A; are invariant under Sch(z) with z =2+ A\1/2 = A\3/2.
If C' # 0 then necessarily we have Ay > 2 and hence z > 3.

If we set C' = 0 then we just need to solve (3.7). Let us illustrate with some simple
solutions when SE; = S7. In fact it is easiest to directly solve (3.2). For example, if we let
2% be standard complex coordinates on R®, with Kéhler form w = (i/2)dz® A dz® we can
take V = cdz'dz?dz® + c.c., where c is constant, which obviously has only (1,2) and (2,1)
pieces and is primitive, and h = —c?7? (setting a possible solution of the homogeneous
equation in (3.2) to zero). This gives a supersymmetric solution with A3 = 3 and hence
z = 3/2. In particular we note that the metric component g, is always negative. A
simple solution with z = 2 is obtained by splitting R® = R* x R* and considering a sum of
terms which are (1,1) and primitive on one factor with a factor dz® on the other:

V= c{ [3:1 (dz' A dx® — da® A dxt) + 23 (da® A da® — dat A dx4)] A dx®
+ [2% (da' A da® — da® A daz') + 2 (d2? A da® — dat A dm4)] A da®
+ [x5 (dzd A daxb — da™ A da®) 4 27 (da® A da” — da® A da®)] A dat

8)]
+ [2° (d2® A da® — da™ A da®) + 28(da® A dz” — da® A dz®)] A dx2} . (3.8)



Solving for h (and setting to zero a solution of the homogeneous equation in (3.2)) we get

2
c
h=——rt.
20
For this solution, the metric component g, is again always negative. Clearly there are
many additional simple constructions for the S7 case that could be explored as well as for

the more general class of other explicit SF7; metrics.
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A Comments on solving (2.7)

Here we make a few further comments concerning solving (2.7) (which also have obvious
analogues for solving (3.7)). To solve (2.7), we first solve the first line for o and then substi-
tute into the second. It is illuminating to expand out the source term in the right hand side

of the equation in the second line using a complete set of scalar harmonics on the S E5 space:

- A%‘U%E - ’dU\%E = Z aIzYIl (A.1)
I
where V%EYIZ = —I(I + 4), corresponding to the harmonic function P* = r!Y”t on the
CY3 cone. We then find
ar I
= ———— Y . A2
I ;4A§—(l+2)2 o (8-2)
1

In this expression we have allowed for the possibility of an arbitrary solution to the
homogeneous equation, qg, assuming it exists. The point is that the relevant putative
eigenvalue for qq is fixed by the eigenspectrum of the Laplacian acting on one-forms. For
the special case when SE5 = S°, for example, there is always such a possibility of adding
a solution to the homogeneous equation. Another point to notice about (A.2) is that it
only makes sense providing that the coefficient a;, = 0 whenever 2A\3 = [ 4 2.

For the special case when SE5 = S°, not only is this coefficient zero but the sum
appearing in (A.2) is a finite sum terminating at [ = 2A3 — 4. To see this we observe that

an [ YO0l +ldolis) (A3)
which can be recast as an integral on the flat cone RS
aj, /R 6 e Pl WiW,; (A.4)
where for 5%, 72 = 3" a2’ and

Ph =l . zht... gl (A.5)

11...7]



with Cill...il defining the scalar harmonics on S°. To proceed we write W as

_rJ
W =C;

;k’il...i>\3_1

g2 dad A dat (A.6)

J
where Cj;il...iAS,

tegral (A.4) we will get all possible contractions of the [ indices of the scalar spherical

harmonic C’iI1 iy with some of the 2\3 — 4 indices

. define the vector spherical harmonics on S5. In carrying out the in-

c? c (A7)

sklin.ing -2~ [jik]) -y, o

In particular, since the tensor defining the scalar harmonic is traceless, we conclude that
the ay, are zero for all [; with [ > 23 — 4.

Let us now consider this issue for a general SEj5 space, but in the special case when o
is a one-form dual to a Killing vector on SEj5 corresponding to A3 = 2 and hence z = 2.

As above, we have (A.4). Write
W =d(r’c) = dT (A.8)
and observe that on the C'Y3 cone V,;T; = V[iTj] and that V2CYTi = 0. We then compute
ap X / B_TQPIZ WijWij
CY
N 4/ e P (VT (VT)
CcY

- 2/ Viy <e—T2Pfl> T2
CcY

2 / e (=478, Pt —12P1 4 472 PT) T?
CYy

_y / e (=14 2) PIT? . (A.9)
CcY

In getting to the last line one needs to take into account the r° factor in the measure and use

o0 1 o0
/ Pt2e = gy = n—21— / e dr (A.10)
0 0

We thus conclude from (A.9) that the problematic coefficient aj in (A.2) when
I = 2X3 — 2 = 2 again vanishes for this class of solutions.
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